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Abstract. We consider quasi-periodic and periodic (cnoidal) wave solutions of a set of n-component dy-
namical systems related to Korteweg-de Vries equation. Quasi-periodic wave solutions for these systems
are expressed in terms of Novikov polynomials. Periodic solutions in terms of Hermite polynomials and
generalized Hermite polynomials for dynamical systems related to Korteweg-de Vries equation are found.

PACS. 02.30.Ik Integrable systems — 05.45.-a Nonlinear dynamics and nonlinear dynamical systems —

05.45.Yv Solitons

1 Introduction

We consider the reduced Gaudin magnet [1,2]

n - 3 gF
=Y 72+ 50 L0 = (3 %) o

where S; satisfy n independent copies of the standard sl(2)
algebra

{S2,515} =265, {S] S} =40158  (2)
Many dynamical systems, for example Garnier system,
Neumann system and multidimensional Hénon-Heiles sys-
tem [2] are interpreted as reduced Gaudin magnets [1,2].
New examples of reduced Gaudin magnets, general-
ized Garnier system, Rosochatius system and multidi-
mensional generalized Hénon-Heiles system are discussed
in [3]. All these systems are related to stationary hierar-
chy of Korteweg-de Vries (KdV) system of equations (see
for example [4-9]). The aim of present paper is to present
quasiperiodic and periodic solutions for dynamical sys-
tems related to KdV equation and for associated reduced
Gaudin magnets. The authors have already discussed
quasiperiodic and periodic solutions associated with Lamé
and Treibich-Verdier potentials for the Garnier type sys-
tem [10-13]. We also mention the method of construct-
ing elliptic finite-gap solutions of the stationary KdV and
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AKNS hierarchy, based on a theorem due to Picard, pro-
posed in [14-17], as well the method developed by Smirnov
in a series of publications: the review paper [19] and [20].
Elliptic AKNS solutions have been characterized in [17]
and Trebich-Verdier potentials were fully analyzed in [18].

2 Novikov, Hermite and generalized Hermite
polynomials

In present paper our construction is based on Nowvikov
polynomials [21] F(xz,\) in A of degree n, which are
solutions of the following nonlinear differential equation

1 1 1
5 FFuz = ZFxQ — (A +u(z))F? + Zzﬁ(x) =0, (3)
where u(z) is a real finite-gap potential given by Its-
Matveev formula [22] and v()\) is a polynomial of degree
2n + 1 whose zeros are the branch points of the curve

v?= 4]_[320()\ — A;) or in another form equation (3) is
written by
1 1 2n+1
2 ntl—j~
5 FFoa = 7FI = (A + u(x))F? + ; AZHI=iE = 0,
(4)
with ¢ = 1. We seek solution of equation (4) as fol-

lows [23], E) = Cyp — 1

n n—k

1
F=3 > MemFygm Fi=—zu@), (5

k=0 m=0
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where for [ > 1 we have

1 -1

o Z (2F;c;c;sF‘l—s—1 - Fx;st;l—s—l

F‘l:
85:1

1
—AF.Fi_y — 4u(0)F.Fi—s-1) — gu(2)Fio1. (6)

As a result for first F;,l =1,...,4 we have
1 1 3
= —3% I = —glae + §U2a
5 5 1
F3 = 16“3,1“/ + 32ui - Eug 32U1111;
21 35 7 35
Fy = 1—28uiz — 64umu + 32uxum.x — 6—4uui
L 35 4 L 7 1
128u 64uuzc:cacx 128”;8;890909090;

where the following relations hold on

1. 1. 1,
C1 = 501, Co = 502 - gcl,
1. 5 1
c3 = 710201 + Ecl + 503,
1. 3. o 1__ 1, 5 4
Cq = 504—1—%0201—10301 802 Egcl.

The first few Novikov polynomials explicitly read,

F = )\—%u—i—%él, n=1
F = )\2+(f§u+ 501))\
flu + ugf—clu
88 4
1. 1.,
+§CQ gcl, n=2
F= )\3+(—lu+—01))\2
2 2
+ ( %um + qu - iélu + 3G~ géf))\
+ uueriquizﬁfiu fiélu
16 327 16 32 716
3. 5 1 _ 1 . 1_ .
+ Eclu — ZuCQ—i— Euc1 — 10201
1 4 1.
+ 64 +503, n=23

When wu(z) is n-gap Lamé potential n(n + 1)p(z) the
Novikov polynomials are reduced to Hermite polynomials.
When u(x) are Treibich-Verdier potentials we have ob-
tained a new polynomials called generalized Hermite poly-
nomials. Lamé polynomials can be derived from Hermite
polynomials when A = \;, A; being the branch points. A
special case of Lamé polynomials are known as associated
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Legendre polynomials. All the above mentioned polynomi-
als are used to derive exact solutions of dynamical systems
related to KdV equation.

Assuming that Novikov polynomial depend on “addi-
tional parameter” time ¢, the zero curvature representa-
tion for KdV hierarchy of equations have the following
form

Mi(A) = Lo (A) + [M(A), LA = 0, (7)

where matrices L and M are given by

MO = (g ne) W=

7%Fl’(xa t, >\)
—3Fpa(@,t,)) + Q(z,t, V) F (2,1, )) 3

The equation (7) is equivalent to

0 1 1
a—cf =2 [Zé)g — Q(x,t, )0y — §Qm($,t,)\)] F(x, )
(8)

where Q(z,t, A) = u(z,t)+ X\ in the case of KAV hierarchy.
Equation (8) is called the generating equation. The first
few equations of the KdV hierarchy explicitly read,

1 3 N
Ut = Ug, Ut = Zu:c:cac - 5““@ + 501Ux7
U = iu — §uu — §uu + Eu2u
o1 3 1. 1,
+cl(§umm - Zuux) + 5021@ - §C1um
etc..

The Lax representation L, = [M, L] yields the hyperel-
liptic curve obtained by direct computation

det(L(\) — ulz) =0, (9)
1 1
M2:_§FF11+4F;3 ()\—I—U)FQ:—ZVQ,

generating the Novikov polynomials related to stationary
KdV hierarchy of equations.

3 Lax representation, integrals of motion
and interpretation as reduced Gaudin
magnets

3.1 Generalized Garnier type system

We consider the system [6,8,7,9]

deq] (Z%‘%) j q]

—O,j: s,
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where C;, j = 1,...n are free constants and a;
given points. The system (10) is a completely integrable
Hamiltonian system related to the Korteweg-de Vries
(KdV) equation with the Hamiltonian

1 ¢ 1 [
:§§;ps+1(§;qs> SR
i= i=

where the variables (¢;, pi),i = 1,...n, p;(x) = dg;(x)/dx,
are the canonically conjugated variables with respect to
the standard Poisson bracket, {- ; -}.

This system has the Lax representation [9]

CY ), Lo,
V() UM
L) = M = (12)
<W(>\) VN ) (Q ) )
which is equivalent to (10) Where U(N),W(N),Q(N) have

the form Q(z,\) = A=Y ¢7, a(\ )

U(z,\) = —a()\) (1 + % Z ﬁ) :

Hz 1()\ a’l) and

=1
1dU(xz, A
Viz,\) = —5%, W(z,\) = a(\)
I 5, 1 1 , C?
X<A+2;qi+21_l)\_ai <pz+q12

The dynamical system with Hamiltonian (11) is related
to reduced Gaudin magnet via the identification

2

— 2 J

5% =piq;, S =4q}, S; = pj+—q2,
j

and with B(\) given by

0 1
Setsage)s 0
The Lax representation yields the hyperelliptic curve
det(L(A) — 1v15) = 0, where 15 is the 2 x 2 unit ma-
trix. The moduli of the curve generate the integrals of
motion H,I;;i =1,... ,n,

B(\) = (

V2 = V22, \) + Uz, VW (z, \). (14)

The curve (14) can be written in canonical form as,
vi=4 HJ oA —Aj), where \; # Ay, are branching points.

From (14) and explicit expressions for U(x, \), V(x, A),
W (z, \) we obtain
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where J; = 2C; and

1 1 Ciqe  Clqi
==Y aipr — api)? =~ — -
' 4k¢iai—ak((z 0 q; aG )’

L, 1 5 1, 1C?
X 2“’qi+4qi<Z Y

k=1 g

The parameters C; are linked with the coordinates of the
points (a;, v(a;)) by the formula

o2 = v(ai)”

i —Wv (16)

where ¢ = 1,...n. The solutions of the system (10) in
terms of Novikov polynomials F'(z, A) are given as

F(z,a; —A4) .
HZ;éi(ai -

where we assume, without loss of generality, that the

¢i(z) =2 (17)

associated curve has the property ¢; = 0 and A =
%ﬂ Z?zl a;. For generalized Garnier system the points
a; lie in the lacunae [Ag;—1,A2;],4 = 1,...n and are

branch points in the case of Garnier system (10) with
C?zO,jzl,... , N

3.2 n+ 1 dimensional generalized Hénon-Heiles type
system

We consider a generalized Hénon-Heiles type system with
n + 1 degrees of freedom [2] with Hamiltonian

n n
_ 2 3 2
H = 2(2%) +aqo + 2(1qu]
7=0 Jj=1
1 =~ 2 Cj2 ao
+ 1 ; <anj + = | - 1 90 (18)

where ¢;,p;,j = 0,...,n are the canonical coordinates
and momenta and ag, 0]2, aj,j =1,...,narefree constant
parameters. The function H for n = 1 is the Hamiltonian
of a classical integrable Hénon-Heiles system with the ad-
ditional term C?/q3.

Next we will present (2 x 2) matrix Lax representa-
tion for generalized Hénon-Heiles system (18). The Lax
representation have the form

01
Q0

vV U
L, = [M(A)aL(A)]v = (W V) ) M =
(19)
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where U, W, Q [9] are Q(z, A) = A—q1, a(\) = [[i; (A—a;)

and
1 1 4
A)=Fz,\)=aA\) | A+ = — /
Uz, A) (@, A) = a(A) + 2(]0 16 = A—a; |’
Ve lh=a | tpor LS U
v 406 LN —a; |’
1 , 1
W = iFm +QF =a(\) [ A\ - §q0)\
1y, 1 &, 1
+a(A) 7% T E;QJ ~ g%
+a(N)— —+ > 3
16 p A—a; j;q?)\—a]

The dynamical system with Hamiltonian (18) is related
to reduced Gaudin magnet via the identification
C?
S =piq;, S} =4q}, S; = —p} + =,
4
and with B(X) given by
1 1
—1Po A+ 390
By = * R
Wy 2Po
and Wi = A2 — Lgoh + 142 +Z] 1 IGqJ — =ap.

The corresponding algebraic curve of genus n + 1 is

2 _ 2 3 _ -
V2 =a()) ()\ 16a0>\+ iy ZA_GI

1 w— (?
I e ] (21)
256 &= (A — ai)2>
and
1 C? 1
H; = —pogipi + =aoq; + qo | P} + =% | — ~qoaiq}
8 q; 4
C? 1
2 3 2 2
- 54 (pz + q_ZQ) - aaz i
1 1 C’qu C,%qi
T8 . (qipr — qrpi) 5 5
i U q; qj

The solutions of the system with Hamiltonian (18) in
terms of Novikov polynomials F'(z, \) are given as

F(z,a;)
Hk;éz( — ag)

qo = —U, QS(Z) yi=1,...,n (22)
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where the points a; lie in the lacunae [Ag;j—1,A2],¢ =
1,...n for generalized multidimensional Hénon-Heiles sys-
tem and are branch points in the case multidimensional
Hénon-Heiles system (18) with C? =0,j =1,...,n

3.3 Neumann and Rosochatius system on the sphere

For the Rosochatius system the Hamiltonian is given by

H=Y pj-) <%‘q]2' + q—§> : (23)

=0 J

The Poisson bracket for this system is modified by
constraining the particles to lie on the sphere, so that

(24)

n
p)=> qp; =0.
=0

The Lax matrix for the Rosochatius system is defined by
Q(xv A)=A+2 Z:‘L:() qi27 a()‘) = H?:()()‘ - ai)? and

The dynamical system with Hamiltonian (23) is related to
reduced Gaudin magnet via the identification

2

3 _ + _ 2 - _ 2 J
S =pjq, S; =4, S; ——pj+?,

J

and with B(X) given by

B() = (2@661))

where {- ; -} in (2) is Dirac bracket. The solutions of
the system with Hamiltonian (23) in terms of Novikov
polynomials F'(x, \) are given as [8]

(25)

F(z,a;)

i,k=0,...,n (26)

ak)’

where the points a;,4 = 0, ...n lie in the lacunae (—o0, o],
[A2j—1,A25], 7 = 1,...n for Rosochatius system and are
branch points in the case of Neumann system (23) with
C2=0,j=0,....,n
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Conclusions

this paper we have described a family of quasi-periodic,

elliptic solutions for the dynamical systems related to KdV
equation using a Lax pair method functions. General so-
lutions are quasiperiodic due to quasiperiodic nature of
Its-Matveev formula. Our approach is systematic in the
sense that special solutions (periodic, “soliton”, etc.) are
obtained in a unified way.
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